Table 1: Rey, Sarah, Mary, Craig, and Sendhil

Title: Paper Pool – The Relationship between Area and Number of Hits

The problem:

Generate rules or procedures to,

Given the area of a paper pool table, find all the different possible numbers of hits.

Key questions:

Given an area of 12, how many different tables can you make?

· How many different tables can you make with seven hits? What are their dimensions?
· How many different tables can you make with eleven hits? What are their dimensions?

· Are some numbers of hits impossible? Which ones? Why?
· Build all the different tables of area 12, find their dimensions, and their numbers of hits. How do you know you have all of them?
Given an area of 13, can you make more than one table? Why or why not?
Explain your rules or procedures. Use them to find all the possible numbers of hits for a table of area 18.
Then write a problem for someone else…
Anticipated responses:

Dimensions include all the (positive) numbers less than or equal to the area
Correctly identifying possible dimensions as the factors of the area

Confusing area and perimeter or sum and product (for example, 6 and 6 for an area of 12)
Trial and error

Correctly applying relationship from prior investigation to find numbers of hits for each shape

Incorrectly applying relationship from prior investigation to find numbers of hits for each shape

Topics to raise in discussion:
Idea of factors

Primes as numbers with only one factorization

Connection between factors and GCF

Is there a relationship between the area and the largest numbers of hits? (relatively easy)
Is there a relationship between the area and the smallest numbers of hits? (seems harder)

Context:

Grade 7

Note: This comes after the initial investigation and the discovery and discussion of the hits = sum/GCF relationship (the lessons already developed on the NCTM Illuminations website).

Old math/new math – see discussion notes below

Standards – see page 3
Goal – factoring and developing relationships
Initial Group Discussion

Purpose of the problem solving (goal): What math would you teach by using this problem?

	Old math
	New Math

	Similar Fractions (relatively prime)
	Generate rules and conjectures and communicate them in a mathematical way.

	Basic additions facts
	

	Greatest Common Factor
	Equivalent ratios

	Find patterns or relationships
	


Questioning: How would you pose the problem? What questions would you ask to learn mathematics?
Can you find a table that has an area of 12 and 7 hits?  Are there numbers of hits that aren’t possible?  How do you know?

What is the largest number of hits possible?  What’s the smallest possible?

How could you turn a 2 × 4 table into a 4 × 8 table? Into a 3 × 6 table?

What’s the same and what is different when you play pool on these tables?

Beyond Show and Tell: Anticipate students’ responses (include misunderstandings)

When the length and width are odd numbers, add them together to get the number of hits.

If either x or y is one, just add them together.

If the first number is a multiple of the second number, do y / x + 1 is hits.

If x and y are the same, there will be 2 hits.

If the dimensions = 1/2 then there are 3 hits.

If y is half of x then always three hits.

Something about similar fractions.

If x can go into y evenly, that plus 1 is the amount of hits. 

Ball will never end in pocket A.

When the dimensions are put into fractional form, when they are simplified to the smallest ones, add x and y together.
NCTM/MarcoPolo Illuminations Activity: Paper Pool
Including Lesson 2: How Many Hits?
NCTM Standards and Expectations (for the whole activity – grade band 6–8)

Algebra 1. Represent, analyze, and generalize a variety of patterns with tables, graphs, words, and, when possible, symbolic rules.

Algebra 2. Model and solve contextualized problems using various representations, such as graphs, tables, and equations.

Data Analysis & Probability 1. Select, create, and use appropriate graphical representations of data, including histograms, box plots, and scatterplots.

Inductive reasoning: From specific observations to more general rules

Then application (extending the activity that’s online – with really a factoring question): Can you find a table with area 12 which has 7 hits? 4 hits? Are there numbers of hits that aren’t possible? How do you know? What’s the largest number of hits possible? What’s the smallest number of hits possible?

On the extension question:

For relatively prime side lengths, the area is the same as the length of the path (which is equivalent to the number of squares crossed, if there are no crossings inside squares – only on corners – is this true?) – this is because it has to go through every square before it gets out. This is equivalent (in this case) to the LCM of the side lengths (because when side lengths relatively prime, the GCF  = 1 and the LCM = product).

For side lengths that have a common factor, consider the path relative to the path on a similar table with relatively prime side lengths. The path length will be GCF times bigger than the path on the smaller similar table. Thus it will be GCF(m, n) · LCM(m/GCF(m, n), n/GCF(m, n)). But that LCM is the LCM of two relatively prime numbers, so it’s just the product. So this is just GCF(m, n) · m/GCF(m, n) · n/GCF(m, n)) = m · n / GCF(m, n)) = LCM(m, n).

Interesting – it’s a very similar result!
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