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Introduction
We consider that the accomplishment of chat-based collaborative activities and, in particular, of collaborative learning depends on the degree of the polyphonic inter-animation (intermixing or interpenetration, in other translations of M. Bakhtin’s terms) of multiple voices in collaborative discourses. We adhere to Bakhtin’s idea that meaning is socially rooted, dialogically constructed (Clark and Holquist, 1984) and to  Ethnomethodology (Garfinkel 1967) and Conversation Analysis (Sacks 1992).

We consider the special case of collaborative learning of mathematics problem solving using chats, investigated by the Virtual Math Teams (VMT) project at MathForum at Drexel University (Stahl, in press).  We analyzed students’ chats in math problem solving and we identified patterns of inter-animation on two dimensions: longitudinal (collaborative utterances, repetition) and vertical, towards two opposite trends: unity vs. difference. We also considered other manifestations as addressivity, group references and deixis. We consider that individual thinking is also an implicit collaborative (dialogic) process that involves multiple voices. However, we will compare how differs the individual math problem solving from the collaborative situation.  

Math collaborative problem solving chats are usually structured in several distinct parts, as socialization, problem understanding, exploration of solving strategies, problem solving, result presentation etc. We will focus in the paper on how the collaborative discourse becomes an artifact that mediates polyphonic inter-animation of distinct voices in different types of discourse parts. 

Learning is directly related to discourse building. As Sfard mentioned: “rather than speaking about <<acquisition of knowledge>>, many people prefer to view learning as becoming a participant in a certain discourse” (Sfard 2000). The idea of learning as participant to a given discourse emphasizes the importance of spoken (face to face or virtual, by, e,g. videoconferencing) or written (via books, or, with modern tools, via asynchronous emails and message forums or synchronous chats) dialogs. Even if learning is individual, it still keeps collaboration as an implicit very important feature, the sharing of ideas with all it implies, for example, agreement or disagreement followed by negotiations.

Starting from Mikhail Bakhtin’s ideas on the multi-voiced character of any text or utterance (Bakhtin 1974, 1981, 1986) and of polyphony, we can say that even if we learn individually, we participate to voices polyphony, we participate to a collaborative discourse, we enter into collaboration, for example, with the author of the textbooks we use for learning. From the opposite perspective, even if the author will probably never hear our actual voice (and even if we don’t consider implicit feedbacks, as the success of books) the simple fact that the author writes for readers, he enters in a potential dialog with their voice.

However, if we participate to an actual collaborative learning session where we hear the actual voices, not those embodied in books, the process is more direct, and we enter into polyphonic phenomena. It is obvious that discussing with a scholar, with a famous professor is an experience more vivid than reading his books (and entering in this way in a dialog with him). Even collaborating in classrooms or in other collectivities is enhancing learning, at least because we may discover quicker that we may follow a wrong way when we are solving a problem or trying to interpret something.

Computer and communication technologies offer now new possibilities for collaboration, not only in a classroom or in an actual meeting but also in virtual meetings. Computer technology offers the possibility of using totally new types of artifacts like hypertext, the World Wide Web, chats or forums of discussions. In addition to classical sheets of paper or blackboards for drawing diagrams and writing formulas and sequences of problem solving steps, computer animations, simulations (see Stahl, in press) or even abstracts of the discourse (e.g. social networks) and virtual participants in the dialog (artificial agents) may be used now for collaboration. It is extremely important to analyze the particularities of discourse in this new context. A good example is the fact that in chats we can much more easily use a multiple threads discourse, similar to contrapunctus in classical music than in face-to-face conversations.

The paper continues with introducing the dialogic theory of Mikhail Bakhtin that is central in our approach. Some of its connections to our approach are also mentioned. The third section of the paper will discuss the polyphonic welding of longitudinal-vertical unity-difference dimensions on several chat excerpts from the VMT project. The paper will end with a conclusions section and references. 

Bakhtin’s dialogism
Mikhail Mikhailovici Bakhtin (1895-1975) was a Russian philosopher, linguist and philologist that many scholars (e.g., Clark and Holquist 1984; Wertsch 1991; Tannen 1989) appreciate for his ideas and his dialogic theory that goes beyond structuralism, that continues and extends Vygotsky’s ideas (Wertsch 1991; Duranti 1997; Koschmann 1999) and that may be even seen as a new philosophical paradigm that has a more large extent than dialectics (Markova 2003). From another perspective, Bakhtin dialogism is a radical change in paradigm, replacing the monologic Descartes-like way of thinking with a dialogic, inter-animation paradigm.

Structuralism dominated the longest part of twentieth century. It was first introduced by Ferdinand de Saussure (de Saussure 1993), who, among other ideas, asserted that language is an arbitrary sign system and that we must study mainly written language (“la langue”), which can be systematized and not speech (“les paroles”). These ideas were criticized by Voloshinov (Voloshinov 1973), one of the members of the so-called “Bakhtin circle”
. Voloshinov (Bakhtin) ideas are totally opposed to those of de Saussure, paying more attention to spoken language, to dialog. Bakhtin states that, in fact, everything, either written or spoken, has a dialogic nature, even texts obviously written by a single person, like novels (Bakhtin 1981). This is the basis for his dialogical, post-structuralist theory which is situated on a different position from that usually used in artificial intelligence (AI) or cognitive science.
Vygotsky has a permanently increasing influence on learning theories. He stated that learning is a social process, mediated by specific tools, in which symbols and especially human language plays a central role. However, he didn’t investigated in much detail how the language and discourse is actually used in collaborative activities. It is the merit of Bakhtin to propose a sound theory of how meaning is socially constructed. His position is neither “Personalist”, centered on “I own meaning”, nor “Deconstructionist”, hooked on “No one owns meaning”. He states that “we own meaning”.
Mikhail Bakhtin extended Vygotsky’s ideas in the sense of considering the role of discourse and language, with emphasis on speech and dialog. His basic ideas are the dialogism, the universality of the presence of multiple voices in any text, the speech genres, the polyphonic character of some texts and inter-animation.
Bakhtin raises the idea of dialogism to a fundamental philosophical category. For example, Voloshinov said: “… Any true understanding is dialogic in nature. Understanding is to utterance as one line of dialogue is to the next” (Voloshinov 1973, p. 102). This is in consonance with Lotman’s conception of text as a „thinking device” (Wertsch 1981, p. 74), determining that: “The semantic structure of an internally persuasive discourse is not finite, it is open; in each of the new contexts that dialogize it, this discourse is able to reveal ever new ways to mean” (Bakhtin 1981, pp.345-346).

Utterances at Bakhtin have a wider extent than in computational linguistics. They range “from a short (single-word) rejoinder in everyday dialogue to the large novel or scientific treatise” (Bakhtin 1986, p. 71). As Wertsch remarked, “an utterance can exist only by being produced by a voice” (Wertsch 1991, p. 51). Moreover, one of the main ideas of Bakhtin is that each utterance is, in fact, filled with a multitude of voices, this idea being strongly related to communities: “The very being of man (both external and internal) is the deepest communion. To be means to communicate…. To be means to be for another, and through the other, for oneself” (Bakhtin 1984). Even inner speech is, as Vygotsky also noted, a “unique form of collaboration with oneself” (quoted in Emerson 1986, p. 33).
Discourse is a multi-voiced, a sharing, collaborative activity, even if we are alone on a deserted island: “an utterance belonging to a particular speaking subject and outside this form it cannot exist” (Bakhtin 1986, p. 71). We could say that a successful discourse is an utterance (in the larger, bakhtinian sense, with a dialogistic character) that successfully belongs to a given speech genre.

A very important idea brought by Bakhtin, related to the above characteristics of utterances, is that of speech genres, that determines “definite and relatively stable typical forms of construction of the whole” (Bakhtin 1986, p. 78). Speech genres may be seen also as an additional form of coherence besides intentional and attentional states identified by computational linguistics theories like that of Grosz and al. (1986, 1995). To acquire knowledge may be seen as the ability of building a discourse in a given speech genre (e.g. mathematics, see Livingstone 1986): “to learn is to become a skilled member of communities of practice …. and to become competent at using their …. speech genres” (Stahl, in press).

However, communities of voices, in parallel to the unity trend, have an additional differential, unmerged, character: “The intersection, consonance, or interference of speeches in the overt dialog with the speeches in the heroes’ interior dialogs are everywhere present. The specific totality of ideas, thoughts and words is everywhere passed through several unmerged voices, taking on a different sound in each” (Bakhtin 1973, p. 226). This dual nature of community and individuality of voices is expressed by Bakhtin also by the concept of polyphony, that he considers the invention and one of the main merits of Dostoevsky novels (Bakhtin 1973). The relation of discourse and communities to music was remarked also by Tannen: “Dialogue combine with repetition to create rhythm. Dialogue is liminal between repetitions and images: like repetition is strongly sonorous” (Tannen 1989, p. 29)

Discourse, together with dialogue, has a complex meaning in Bakhtin’s (and Voloshinov and Medvedev) writings, getting the position of a prime philosophical category: “Bakhtin profoundly redefined the Word itself and attempted to infuse it with its original Greek sense of logos (“discourse”). For Bakhtin, words cannot be conceived apart from the voices who speak them; thus, every word raises the question of authority” (Emerson 1986, p. 24; see also Mihailovic 1997).

As also Sapienza remarked (Sapienza 2004), Holquist and Emerson in (Bakhtin 1981, p. 134) and Mihailovic (Mihailovic 1997, p. 18) discuss that Bakhtin uses in his works the Russian word “slovo”, which could be translated either as “word” or as “discourse”: "Bakhtin at times uses discourse as it is sometimes used in the West—as a way to refer to subdivisions determined by social and ideological differences within a single language (i.e., the discourse of American plumbers vs. that of American academics). But it is more often than not his more diffuse way of insisting on the primacy of speech, utterance, all in praesentia aspects of language" (Bakhtin 1981, 427).

Mihailovic goes even further, saying that Bakhtin’s “slovo” denotes sometimes a "communality of those interacting with it and not any particular word or utterance", with “roots in ancient Greek and theological sources (…) Interpenetration (vzaimo-proniknovenie) is a term that Bakhtin frequently uses to characterize dialogue (Mihailovic 1997), a perspective at odds with the idea of <<mixing.>>“(Sapienza 2004).

In the same philosophical context, Bakhtin considers that between ideas and words is a very important relation: ”The idea is a living event …. In this respect the idea resembles the word, with which it forms a dialogical unity. Like the word, the idea wants to be heard, understood and ‘answered’ by other voices, from other positions. Like the word, the idea is by nature dialogical” (Bakhtin 1984). In fact, Bakhtin is appreciated by many scholars due to his dialogical theory, which somehow continues Hegel’s dialectics 

Bakhtin’s ideas, as also Wertsch remarked (Wertsch 1991), are an elaboration of Vygotsky theory (Vygotsky 1978) of speech internalization: “For Vygotsky, the word is a powerful amalgam: part sign, part tool, it is the significant humanizing event” (Emerson 1986, p. 31). From another point of view, "discourse lives on the boundary between its own context and another, alien, context" (Bakhtin 1981, p. 673)

In the end of this section we want to emphasize that, in our opinion, from a Bakhtinian perspective, what is usually implied in individual learning (or building knowledge) involves also multiple voices, being, somehow, a simpler form of collaboration:

1. reading texts and trying to understand them : that implies the voice of the author in dialog with the inner voice of the reader that interprets what she reads, that put questions herself, that try to integrate the new data in what she already knows

2. solving problems : also a dialog between the voice of the author, who ask for the solution and the solver

3. writing : this a classical example used also by Bakhtin to illustrate how the voice of the author is melded with the voices of the potentials readers 
Even the simple activity of teaching something (even if there is no feedback from the students, in Bakhtin’s terminology, even their voice is not expressed but only potentially intuited by the teacher) may determine a collaboration effect (for example, from my personal experience, I remarked that lecturing enhance knowledge building even if there is no actual dialog with the students). From another point of view, we must extend the concept of voice to the present persons, even if they do not say something. 

The polyphony of problem solving chats
Let us consider the following problem:

Three years ago, men made up two out of every three internet users in America. Today the ratio of male to female users is about 1 to 1. In that time the number of American females using the internet has grown by 30,000,000, while the number of males who use the internet has grown by 100%. By how much has the total internet-user population increased in America in the past three years?

(A) 50,000,000 (B) 60,000,000 (C) 80,000,000 (D) 100,000,000 (E) 200,000,000

This problem was one of an 11 set that were used for an experiment in which a group of students had to solve first individually and after that collaboratively, using chat. It was one of the two that were not solved individually by any students but it was solved collaboratively (Stahl, 2005). We will try to identify how chat collaboration helped solve the problem.
Let us consider an excerpt from the chat that includes the main utterances that contributed to the finding of the solution:

	Line
	Time
	Name
	Message
	Interval

	350
	4:31:55
	Mic
	how do we do this..
	

	351
	4:31:59
	Mic
	without knowing the total number
	0:00:04

	352
	4:32:01
	Mic
	of internet users?
	0:00:02

	
	
	
	….
	

	357
	4:32:23
	Dan
	it all comes from the 30000000
	

	358
	4:32:23
	Mic
	did u get something for 10?
	0:00:00

	359
	4:32:26
	Dan
	we already know
	0:00:03

	360
	4:32:44
	Mic
	30000000 is the number of increase in american females
	0:00:18

	361
	4:33:00
	Mic
	and since the ratio of male to female
	0:00:16

	362
	4:33:02
	Mic
	is 1 to 1
	0:00:02

	363
	4:33:09
	Mic
	thats all i got to give. Someone finish it
	0:00:07

	364
	4:33:10
	Mic
	Haha
	0:00:01

	365
	4:33:18
	Cosi
	haha you jackass
	0:00:08

	366
	4:33:20
	Mic
	Haha
	0:00:02

	367
	4:33:21
	Dan
	Hahaha
	0:00:01

	368
	4:33:26
	Mic
	u all thought i was gonna figure it out didn’t
	0:00:05

	369
	4:33:27
	Mic
	U
	0:00:01

	370
	4:33:28
	Mic
	huh?
	0:00:01

	371
	4:33:28
	Hal
	it would be 60,000,000
	0:00:00

	372
	4:33:30
	Mic
	Hal
	0:00:02

	373
	4:33:31
	Mic
	its all u
	0:00:01

	374
	4:33:33
	Mic
	See
	0:00:02

	375
	4:33:34
	Mic
	i helped
	0:00:01

	376
	4:33:54
	Cosi
	ok, so what’s 11 – just guess on 10
	0:00:20

	
	
	
	….
	

	386
	4:34:45
	Mic
	lets get back to 5
	

	387
	4:34:47
	Cosi
	i think it's more than 60,00000
	0:00:02

	388
	4:34:57
	Mic
	way to complicate things
	0:00:10

	389
	4:35:03
	Cosi
	haha sorry
	0:00:06

	390
	4:35:05
	Mic
	life was good until you said that
	0:00:02

	391
	4:35:07
	Mic
	:(
	0:00:02

	392
	4:35:18
	Cosi
	they cant get higher equally and even out to a 1 to 1 ratio
	0:00:11

	393
	4:35:27
	Cosi
	oh, no wait, less than that
	0:00:09

	394
	4:35:32
	Cosi
	50000000
	0:00:05

	395
	4:35:34
	Cosi
	yeah, it's that
	0:00:02

	396
	4:35:36
	Cosi
	im pretty sure
	0:00:02

	397
	4:35:37
	Mic
	Haha
	0:00:01

	398
	4:35:38
	Mic
	how?
	0:00:01

	399
	4:35:57
	Cosi
	because the women pop had to grow more than the men in order to even out
	0:00:19

	400
	4:36:07
	Cosi
	so the men cant be equal (30)
	0:00:10

	401
	4:36:11
	Mic
	oh wow...
	0:00:04

	402
	4:36:16
	Mic
	i totally skipped the first sentencwe
	0:00:05

	403
	4:36:16
	Cosi
	therefore, the 50,000,000 is the only workable answer
	0:00:00

	404
	4:36:19
	Dan
	very smart
	0:00:03

	405
	4:36:21
	Cosi
	Damn im good
	0:00:02


Discourse begins with Dan’s idea of starting from the 30000000 number specified in problem (line 357) and continues with Mic’s problem solving buffoonery (lines 360- 364, 366 and 368-370), remarked by Cosi (line 365) and Dan (line 367): Mic seems to start writing a reasoning but he only fakes, writing fragments of the problem statement linked by a typical phrase “… and since … ”. However, this fake discourse fragment seems to belong to a mathematics speech genre and, even being a pastiche, is continued by Hal which extrapolates the 1:1 ratio from the present (as stated in problem) to the whole 3 years and advances 60000000 as a solution (line 371).
Mic continues the buffoonery (lines 372-375). After about one minute, Cosi’s (incorrect) utterance “i think it's more than 60,00000” appears as a critique or as an intuition of something wrong, of some kind of an “unsuccessful story”. Nevertheless, after less than another minute, she realizes that her own supposition is wrong because the ratio cannot be 1:1 or bigger.
The collaborative discourse enabled Cosi to solve the problem. She couldn’t solve it individually. However, when she listened to the discourse proposing a solution (correct in the case of Dan’s beginning proposal, fake at Mic and wrong at Hal) she felt the need to put herself on a difference position. Therefore, the discourse acted as a tool, as an artefact that enabled Cosi to find the correct answer.
What we consider important in this excerpt is that the group reaches a solution through a combination of what Mercer names cumulative talk (Mercer 2000, p. 31) and Sacks  collaborative utterances, on one dimension, and difference making, on the other. Discourse in chat collaborative problem solving has a sequential, longitudinal, time-driven structure in which the listeners are permanently situated and in which they emit their utterances in a threaded manner. In parallel with this linear threading dimension, the participants situate themselves meanwhile also on a critical, transversal (or differential) position. 
These longitudinal-transversal are the dimensions where voices behave in an unity-difference manner. This phenomenon is not specific solely to chats. It appears also to polyphonic music: “The deconstructivist attack (…) – according to which only the difference between difference and unity as an emphatic difference (and not as a return to unity) can act as the basis of a differential theory (which dialectic merely claims to be) – is the methodical point of departure for the distinction between polyphony and non-polyphony.” (Mahnkopf, 2002, p. 39).   

Discursive voices weaved in a polyphonic texture, feature which Mikhail Bakhtin admired so much in Dostoyevsky’s novel, are characterized as “a plurality of independent and unmerged voices and consciousnesses” (Bakhtin 1984). However, polyphony is not only a randomly overlay of voices, it has musicality, it is in fact one of the most complex type of musical compositions, exemplified by the complex contrapuntal fugues of Johann Sebastian Bach. “When there is more than one independent melodic line happening at the same time in a piece of music, we say that the music is contrapuntal. The independent melodic lines are called counterpoint. The music that is made up of counterpoint can also be called polyphony, or one can say that the music is polyphonic or speak of the polyphonic texture of the music.” (Polyphony 2005).

In polyphonic music, the melodic, linear dimension is not disturbing the differential, vertical harmony. Moreover, for example, in Bach’s fugues, the voices inter-animate each other. The main theme is introduced by a voice, reformulated by the others, even contradicted sometimes (e.g. inverted) but all the voices keep a vertical harmony in their diversity. 

The same process happens in chats. For example, in the excerpt considered in this section, Dan’s theme was continued by Mic’s buffoonery, continued itself by Hal and then contradicted by a first theme of Cosi that was eventually totally changed, in its opposite. We could say that the critique of Cosi appeared as a need to keep the harmony of a correct solution. 
The unity and difference trends take different shapes in chat problem solving. We can include in the unity category, for example, collaborative utterances, repetitions, socialization or jokes. For example, many times participants in chats feel the need to joke, probably in the need to establish a closer relation with other participants, in order to establish a group flow state (Csikszentmihaly 1990). In fact, in all the chats we examined there is a preliminary socialization phase, inter-animation appearing not immediately after the beginning of chats.

A typical example is below, in an excerpt of a chat for mathematical problem solving between undergraduate students in the Computer Science Department of the “Politehnica” University of Bucharest (PUB): 

tricavl: Alex...what can u say about ducks' problem?

petry_g: name one!

p4nzer: well let's choose one... the chat is supposed to be about SOLVING the problem, not choosing one

petry_g: :)

p4nzer: looks funny enough

tricavl: ok...the ducks' problem

petry_g: ducks like ducks from the trucks ?

tricavl: :)

Collaborative utterances
In this section we will further illustrate with some examples some of our ideas about the unity-difference polyphonic features that enable inter-animation in different types of discourse, emphasizing collaborative utterances. The following excerpts are extracted from chats performed in the VMT project between K12 students that collaboratively investigate mathematics problems.
In one of the VMT chat excerpts, there are four types of discourses. From 221 to 231 there is a negotiating discourse on what problem to choose to be solved:

 221 mathwhiz344: i can't think of any, but numb er 6 looks interesting 

 222 dragon: number 7 

 223 mathwhiz344: so which one should we do? 

 224 dragon: I don't know, anything that interests us I guess 

 225 gdog: #6 is interesting to me 

 226 dragon: problem is 

 227 dragon: there really isn't an answer to number 6 though 

 228 weisbari: joins the room

 229 mathwhiz344: yeha 

 230 gdog: that's why it's interesting 

 231 dragon: it depends who is giving the problem 
Such types of negotiating discourses appear in many collaborative situations (Stahl, in press). From the polyphonic perspective, they may be considered as a longitudinal resolution (threaded based) of a transversal disaccord. 

From 232 to 253, an excellent example of an exploratory discourse is illustrated by the co-building of knowledge about one problem they have to solve: how is changed the problem of finding the shortest path between two points on a grid if the grid is no more planar. In this discourse, practically only dragon and mathwiz344 are effectively contributing:

 232 mathwhiz344: the grid probably extends for ever, 

 233 mathwhiz344: but if it's a curved space, it  might meet 

 234 gdog: assuming if it doesn't.......... 

 235 dragon: that would make things too complicated 

 236 dragon: I guess 

 237 gdog: y? 

 238 dragon: but it could work maybe 

 239 mathwhiz344: what if we asssumed the grid is a  universe... 

 240 mathwhiz344: i guess your right 

 241 gdog: ok 

 242 gdog: i understand 

 243 dragon: well, first of all, the paper would crumple (if it were real) to form a sphere @: Message 237: To whole  message 

 244 mathwhiz344: why a sphere? 

 245 gdog: ? 

 246 dragon: I mean, if it were "curved" as you said  before @: Message 244: To whole message 

 247 dragon: like 

 248 mathwhiz344: oh 

 249 dragon: it would curve to itself 

 250 mathwhiz344: yeah 

 251 dragon: and then it would have to get smaller in  some areas to fit 

 252 dragon: nvm 

 253 dragon: 

The utterances of the two main participants almost seem to be generated by a single person, we could say, in Bakhtin’s terminology, that they inter-animate:

the grid probably extends for ever, but if it's a curved space, it  might meet

what if we asssumed the grid is a  universe...
well, first of all, the paper would crumple (if it were real) to form a sphere 

why a sphere? 

I mean, if it were "curved" as you said  before
it would curve to itself
and then it would have to get smaller in  some areas to fit
A similar phenomenon appears also, for example, in another chat:

      152   mathman, 21:00 (19.05): area of square is 50 

      153 mathpudding, 21:01 (19.05): ya   

      154 mathpudding, 21:01 (19.05): y   

      155 mathpudding, 21:01 (19.05): yes    

      156 mathpudding, 21:01 (19.05): (5rt2)^2=50   

      157   mathman, 21:01 (19.05): diagonal is 10 

      158 mathpudding, 21:02 (19.05): 5rt2 * rt2 = 10   

      159   mathman, 21:01 (19.05): or 

      160 mathpudding, 21:02 (19.05): d=10   

      161   mathman, 21:02 (19.05): rt(50*2) 

      162 mathpudding, 21:03 (19.05): that too   

      163   mathman, 21:02 (19.05): because of the fact thatthe area of 

            the square is d^2/2 

      164 mathpudding, 21:03 (19.05): yes   

      165 mathpudding, 21:04 (19.05): d^2=100 100/2=50=area   

      166   mathman, 21:03 (19.05): yes

This kind of unity phenomenon is extremely important and relevant because it reflects a special moment of collaboration. It was discussed in large also in Sacks (Sacks 1992, pp.144-5) and in Lerner (Lerner 1993). For example, Sacks analyzes in several instances the following fragment of conversation in which he says that the participants emit collaborative utterances, collaborating to produce a single sentence, :

“Joe :     
(cough) We were in an automobile discussion,

Henry :  
discussing the psychological motives for

Mel :

drag racing on the streets”







 (Sacks 1992, pp.144-5)
Other examples of collaborative utterances are:
      117ModeratorSf, 20:33 (19.05): could you guys tell templar what's going on?    

      118 mathpudding, 20:35 (19.05): we're experimenting with circles   

      119   mathman, 20:35 (19.05): and finding as many possible relations 

            as we can 

or:
      93   mathman, 20:24 (19.05): if we draw a circle with center in the middle of the grid

      94   mathman, 20:27 (19.05): now what

      95 mathpudding, 20:27 (19.05): use the formula for the equation of a circle  

      96 mathpudding, 20:27 (19.05): rt.((x-h)^2+(y-k)^2)  

      97 mathpudding, 20:30 (19.05): *=r^2* sorry  

      98   mathman, 20:30 (19.05): you dont need the rt @: Message 96: To whole message

      99   mathman, 20:30 (19.05): ?

      100 mathpudding, 20:31 (19.05): rt.((x-0)^2-(y-o)^2)=5^2  

      101 mathpudding, 20:31 (19.05): oh my bad  

      102 mathpudding, 20:31 (19.05): *=r*  

      103 mathpudding, 20:32 (19.05): *=5* @: Message 100: To whole message  

      104 mathpudding, 20:33 (19.05): diameter =10  

      105 mathpudding, 20:33 (19.05): circumference=10pi  

      106 mathpudding, 20:33 (19.05): area=25pi  

      107   mathman, 20:32 (19.05): yes

      108    templar, 20:31 (19.05): joins the room

      109 mathpudding, 20:33 (19.05): area of each 90 degree sector= 25/4pi   

      110 mathpudding, 20:33 (19.05): *(25/4)pi*   

      111   mathman, 20:33 (19.05): we can lso form many 3-4-5 right triangles 

      112 mathpudding, 20:34 (19.05): and 45-45-90 triangles   

      113   mathman, 20:33 (19.05): yes 

On the same idea, we can identify other dialogical longitudinal inter-animation schemes, like question-answering continuation:
 68  mathisfun, 20:26 (19.05): see angle alpha?     

 69     bob123, 20:26 (19.05): yes   

 70     bob123, 20:26 (19.05): what about it?   

 71   mathisfun, 20:26 (19.05): is that 60 degrees?     

 72     bob123, 20:26 (19.05): yes   

 73   mathisfun, 20:27 (19.05): can u use the degree, 2 length to find the last length of a triangle?     

 74     bob123, 20:27 (19.05): i don't get what you're saying   

 75   mathisfun, 20:27 (19.05): the two arrow pointed lengths and the angle can find the length A     

 76     bob123, 20:28 (19.05): by what?   

 77   mathisfun, 20:28 (19.05): the two sides and the degree     

 78     bob123, 20:29 (19.05): and how do you use the two sides and the degree to find the third side?   

 79   mathisfun, 20:29 (19.05): one moment     

 80   mathisfun, 20:29 (19.05): There is a fomula I think     

Another example is:

 83       EatUrSqRts, 20:31 (19.05): k, so add the 1/2 infinite series 

 84       EatUrSqRts, 20:31 (19.05): ull see it approaches 1/1 correct? 

 85 Jason, 20:31 (19.05): ummm lemme see       

 86 Jason, 20:32 (19.05): yes       

 87       EatUrSqRts, 20:32 (19.05): and 1/3 approaches 1/2 right? 

 88 Jason, 20:32 (19.05): sure       

 89       EatUrSqRts, 20:33 (19.05): so lets se one person 

 90       EatUrSqRts, 20:33 (19.05): 10/11 divide by 10 is... 

 91 Jason, 20:33 (19.05): 1/11       

 92       EatUrSqRts, 20:33 (19.05): good, so wut infinite series approaches 1/11 

 93 Jason, 20:33 (19.05): 1/12?       

 94       EatUrSqRts, 20:34 (19.05): good! 

 95 Jason, 20:34 (19.05): :-)

…………………..

 133 EatUrSqRts, 20:47 (19.05): so, 10/12 is eaten, how much is left? 

 134 Jason, 20:47 (19.05): 2/12       

 135   FooFoo, 23:48 (19.05): 1/6     

…………………..              

 156       EatUrSqRts, 20:54 (19.05): (collumns+1)(rows)(2) 

 157       EatUrSqRts, 20:55 (19.05): anyone disagree? 

 158 Jason, 20:55 (19.05): check it       

 159       EatUrSqRts, 20:56 (19.05): 56? 

 160 Jason, 20:56 (19.05): that can't be the area       

 161       EatUrSqRts, 20:56 (19.05): no, the # of short paths 

Discourses in the previous examples, exhibiting moments of collaboration (Stahl, in press), may be resembled with a collective poetry, where participants in a chat seem to enter the rhythm of a poem. Something similar was reported also by Stahl:

“Heidegger’s favorite art form is poetry. Poetry makes language visible (see Heidegger, 1959/1971). Poetry is a source for the creation of new expressions and new forms of speech. Poetry also opens up worlds, and it can name the elements that it brings together in those worlds. For Heidegger, language speaks (Sprache spricht). It is not so much that people use words to express their ideas, but that language speaks through us. (…)  What took place there happened largely through the power of language, the mechanisms of discourse. Utterances built on each other. Words gathered richness of meaning through repetitive usage. The discourse itself provided an opportunity for all this to happen.”  (Stahl, in press, p.412) 

It is clear that this phenomenon in which utterances “built on each other” is extremely similar to what happens when entering a state of flow (Czikszentmihaly 1990). Music, poetry, collaboration are probably related to this special state.

Another interesting observation in the second chat excerpt from this section is that, in addition, it seems that there are two threads of discussion between the same two participants, something similar to a contrapunctus in a Bach fugue. In the same time with the above discourse, similar to a exploratory narrative, the following discourse appear:
the grid probably extends for ever, that would make things too complicated I guess but it could work maybe i guess your right
Such a dialogue with multiple threads is specific to chats. In real, face to face discussions of only two or three persons, multithreading is much more difficult to happen. In fact, this possibility of multithreaded discourses must be encouraged, humans being able  to handle them. Moreover, it is possible that we maybe even need them. The examples of musical fugues, of polyphony, of movies or novels (a detailed discussion about poliphony in novels can be found in Bakhtin’s writings, 1973, 1981) are, in our oppinion very good illustrations of multithreading discourses.

The third discourse in the analyzed VMT chat is determined by estrickmcnizzle, that seems to be bored and feels the need to introduce a difference, to interrupt the previous discourse. As a consequence, probably also because the other two participants feel the need to end the discourse (they could ignore estrickmcnizzle intervention), an ending discourse sequence is generated and then a fourth, negociation discourse is started:

 254 estrickmcnizzle: im drinking 7 up 

 255 dragon: this is getting way too complicated, xp  

 256 gdog: dragons right @: Message 249: To whole  message 

 257 gdog: we should probably solve another problem  

 258 dragon: so, do you guys think any other questions  would be good to answer? 

 259 mathwhiz344: yeah:0 

 260 gdog: and drop that question 

 261 dragon: I like 7 

 262 mathwhiz344: 7's good 

 263 gdog: ok, we can try 7 

 264 estrickmcnizzle: so is 7 up 

 265 dragon: alright 

 266 dragon: lol 

 267 gdog: lol 

 268 mathwhiz344: :) 
As a last comment in this section we remark the existence of different types of discourses, some of them exemplified in the above examples: openings, negotiation, exploration, solution building, conversation ending, etc. (see also Sacks 1992). From another perspective, discourses in VMT chats may be classified as social (openings and greetings) and mathematical (problem solving), that follow one to another in chunks. 

Repetitions

We consider that another extremely important phenomenon, related to polyphony and reflecting collaboration is repetition. For example, „two ways” is repeated several times in the following VMT chat excerpt: 

160 mathisfun, 20:26 (12.05): k so there are two ways right?   

161 bob123, 20:27 (12.05): yeah  

162 bob123, 20:27 (12.05): 2c1=2   

163 Marisol, 20:27 (12.05): yes, I agree there are only two ways
164 mathisfun, 20:27 (12.05): then there is a one by two   

165 qwer, 20:29 (12.05): only two ways? @: Message 158: To whole message     

166 mathisfun, 20:28 (12.05): is the one by two going to be 4 ways? 

In face-to-face collaborative problem solving, students tend also to unconsciously imitate each others gestures, or to move together like in choreography. We consider such phenomena as manifestations of the appearance of a state of group flow, of a collaborative moment, of a successful discourse.

69 ModeratorSf, 20:14 (19.05): you can continue the problems from last time or we can try another, what you say?   

70 mathpudding, 20:16 (19.05): try another  

71 TinyFryhiii12, 20:15 (19.05): another 

72 mathman, 20:16 (19.05): another we came to a solution for the one last time

The relation of repetitions to music (and poetry) are remarked also by Tannen (Tannen 1989). She considered that repetitions are sound patterns, that are used together with sense patterns as narrative, ellipsis, tropes, indirection, imagery as involvement strategies (Tannen 1989, p.17).

An interesting repetition situation appears in powwow2_Gerry, where an ad-hoc phrase (30/60/90) is repeated several times (including variations): 
ping ponger 805 (8:24:54 PM): its a 30/60/90 triangle
SuperEvo88 (8:26:08 PM): if its equilateral its it a 45/45/90 triangle?

AvrilLR (8:27:00 PM): equilateral is 60/60/60 triangle

AvrilLR (8:27:15 PM): not 30/60/90

ping ponger 805 (8:27:17 PM): anyone remember formula for 30/60/90 triangle?

AvrilLR (8:28:33 PM): so it can't be 30/60/90
AvrilLR (8:28:39 PM): it's not a 30/60/90 triangle

SuperEvo88 (8:29:04 PM): is there a formula for a 60/60/60?
AvrilLR (8:37:52 PM): okay it's TWO 30/60/90 triangles

AvrilLR (9:26:34 PM): like the ratios of the sides of a 30/60/90 are 1/2/sqrt2 or something

SuperEvo88 (9:30:20 PM): we detremined its a 30/60/90 triangle

Difference making
Difference making has a crucial role in collaborative chats. The possibility of contemplating from a critical position the others’ ideas and entering into a polyphonic framework enhances problem solving and enables learning through a trial-error process. Such processes appear also in individual problem solving but the presence of multiple participants enhance both the possibility of developing multiple threads and, meanwhile, of difference identification. The inter-animation of the multiple perspectives of the participants, the opposition as result of contemplation and the presence of a third opinion in case of conflict and sometimes the synthesis it brings are a better asset to success than a multivoiced discourse performed by an individual, that is inherently much less critique.

For example, in the following excerpt of the collaborative solving of the “ducks problem” at PUB, after a negotiation ended with an agreement, p4nzer, petry_g and tricavl enter into a dialog of longitudinal inferences (emphasized as bold) and transversal (italic) differences:
p4nzer: I'm thinking that in the shortest move sequence, "a" must ONLY move to the right and "b" ONLY to the left

p4nzer: do you agree?

tricavl: yes... you're right

petry_g: agree

tricavl: so we start with aaa_bbb

p4nzer: yes... the first move is simple...

p4nzer: it doesn't matter if we move an "a" or a "b" in the empty space.

tricavl: ok

tricavl: so aaa_bbb become aaab_bb

p4nzer: one moment thou... from what I do understand, A can only jump over B and vice-versa

tricavl: let's see!

p4nzer: so... let's say we move an a

p4nzer: we now have aa_Abbb

petry_g: ok...i think i begin to understand :))

tricavl: now what? b over a?

tricavl: aa_Babb?

p4nzer: well... if we were to move the "a" we would get stuck

p4nzer: no, that's not a valid move

p4nzer: aaba_bb is. do you understand why?

tricavl: ohh... so you moved the space twice to the right?

p4nzer: no

p4nzer: only one move

p4nzer: "b" over "a"

p4nzer: aa_aBbb -> aaBa_bb

p4nzer: get it?

tricavl: ohh... so "b" change place with the space?

p4nzer: exactly: "jumped over a into an empty space"

petry_g: yes. alex is right.

tricavl: ok. next step...

petry_g: now we can either move the "b" one space to the left or the "a" one space to the right

p4nzer: correct, no jumping moves here!

tricavl: it's the same thing

tricavl: let's move the "a"

p4nzer: aabA_bb -> aab_Abb

p4nzer: hmm... this does not look good

p4nzer: I get the feeling that if we get the sequence "aabb" we're stuck

tricavl: why? i think the algorithm here is to move the space to the righ and came back with a "b"

petry_g: "sequence "aabb" we're stuck.."..me too

p4nzer: yes, and everything we can do from here, we get an "aabb"

p4nzer: so the move aabA_bb -> aab_Abb is wrong

tricavl: ok. i think we should continue with aab_Abb -> aabbA_b

tricavl: we are using the space to control our moves.

p4nzer: ok. if you think we're wrong, what do u have in mind?

Sometimes, the participants even explicitly states that they found a difference:   

p4nzer: agree with me so far?

tricavl: yes, but i did the same thing

tricavl: the difference was the place of the space :).

petry_g: and the number of moves :)
Evidence that participants permanently keep a differential position, that they do not totally enter in an unity is also provided by the usage of personal pronouns. For example, in a corpus of chats recorded in May 2005, “I” was used 727 times and “we” only 472 times. 84 times was used “me” and only 34 times “us”. However, alterity is very well represented by 947 uses of “you”.
Conclusions and further work
Discourse in chats is an inter-animation of multiple voices along two dimensions, the sequential, utterance threading and the transversal, differential one. These two dimensions correspond to a unity-difference (or centrifugal-centripetal, see Bakhtin 1981) basic feature of polyphony. The unity directed dimension is achieved at diverse discourse levels by repetitions, collaborative utterances, socializing and negotiation discourse segments.
The second, differential dimension could be better understood if we consider discourse as an artifact that, taking into account that every participant in collaborative activities has a distinct personality, is a source of a critical, differential attitude. Even if individual discourse is multi-voiced, difference and critique are possible especially in collaborative contexts.
A consequence of the sequential-differential perspective for the design of CSCL environments is that they must facilitate inter-animation not only on the longitudinal dimension, through threading but also the transversal, differential, critical dimension. Tools that may enter in this category must be able to provide abstractions or summarizations of previous discourse, in order to facilitate differential position taking.
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