Forrester’s problem with matrices

John F. Mahoney

In general one can use matrices to deal with population transitions in problems like this one.  

Consider:  [Initial population distribution]*[transition matrix] = [new population distribution]

Here: 
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 represents the initial numbers of small, medium, and large trees respectively. 

The transition matrix is given by 
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The rows represent the initial situations and the columns represent the next situations.  For example 0.4 means that 40% of the small trees will become medium ones.  0.6 represents the fact that 60% of the small trees remain small each year. 0.2 represents the fact that 20% of the medium trees will become large. 

Using matrix multiplication we get:
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 and this shows that we will get 600 small trees, 1200 medium trees and 1200 large trees after one year of growth.

Method A:  Cut the trees after one year to get the starting population distribution back.  Consider the following matrix product: 
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The identity matrix 
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is used to “subtract off” the initial population so we can identify how many trees are cut.  Each medium tree cut results in a profit of $7 ($10 selling price - $1 cost of cutting - $2 cost of planting an additional tree).  Each large tree cut results in a profit of $22 ($25 selling price - $1 cost of cutting - $2 cost of planting an additional tree).  These values are represented in the 3 X 1 matrix which is used to calculate the annual profit of $5,800.

Method B: Cut the trees after two years to get the starting population distribution back.  Consider the following matrix product: 
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This shows a profit every other year of $11,080.

Method C:  Cut the excess trees over 1000 after each year and replant the same number of trees.  With this method the population distribution changes each year, but eventually will stabilize.  To find this stable distribution (a, b, c), consider the following matrix product: 

a = # of small;  b = # of medium,  c= # large trees
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Why (c-1000)?  Because only the number of large trees in excess of 1000 will be cut and will therefore need to be replanted.

Why the 1 in the bottom left of the transition matrix?  Because this can be used to get the (c-1000) replantings.  

Why isn’t there a 1 in the bottom right? Because we only want to find out the # of medium trees which become large.  

This matrix product produces three equations:

0.6a + (c-1000) = 1
0.4a + 0.8b = b
0.2b = (c-1000)

using a + b + c = 3000, solve these equations to get:

a = 588
b= 1176
c = 1235 trees which produce a profit of $5,170 per year. (235 * 22 = 5170)

Method D:  Cut all of the large trees each year and replant the same number of trees.  With this method the population distribution changes each year, but eventually will stabilize.  To find this stable distribution (a, b, c), consider the following matrix product: 

a = # of small;  b = # of medium,  c= # large trees
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Solve as before to get

a = 882
b= 1765
c = 353 trees which produce a profit of $7,766 per year. 

Method E:  Cut all of the large trees every other year and replant the same number of trees.  With this method the population distribution changes each year, but eventually will stabilize.  To find this stable distribution (a, b, c), consider the following matrix product: 

a = # of small;  b = # of medium,  c= # large trees
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Solve as before to get

a = 624
b= 1710
c = 666 trees which produce a profit of $14,652 per year. 
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